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^ ' Abstract 

We give necessary and sufficient conditions on a pair of positive radial functions V and W on a ball 
B of radius R in R", n > 1, so that the following inequalities hold 

<^ ! Jg V{x)\Vu\'dx > Jg W{x)u^dx + bjgg d s iov aU u £ H^{B), 

' and 

; /gV'(x)|Aupda;>/gVK(x)|Vupda; + 6/g^|Vupds for all u G ff^^^)^ 

Then we present various classes of optimal weighted Hardy- Rellich inequalities on n Hi . The proofs 
are based on decomposition into spherical harmonics. These types inequalities are important in the study 
of fourth order elliptic equations with Navier boundary condition and systems of second order elliptic 
equations. 
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1 Introduction 



Let f2 be a smooth bounded domain in R" and G J7. Let us recall that the classical Hardy- Rellich inequality 
, , assets that 

g [ I \^u\'dx > 1^ ^dx, for u G H',m, (1) 

where the constant appearing in the above inequality is the best constant and it is never achieved in Hq. 
, Recently there has been a flurry of activity about possible improvements of the following type 

; Ifn>5 then J^\Au\^dx - '-^^^/^ J^^ ^dx > J^W{x)u^dx brueH§{fl), (2) 
as well as 

Ifn>3 then J^^\Au\^dx - C{n) J^^-^dx > J^V{x)\Wu\^dx for all u G iJo^(f^), (3) 

where V, W are certain explicit radially symmetric potentials of order lower than ^ (for V) and (for W) 

(see m, la, 0, m, m, m, and m- 

The inequality ^ was first proved by Rellich [TJ for u G Hq{^1) and then it was extended to functions in 
H^{n) n i?Q (fi) by Donal et al. in [TT]. So far most of the results about improved Hardy-Rellich inequalities 
and the inequalities of the form ^ are proved for u G -ffo(^) (^^^ El) and [TS]). The goal of this paper 
is to provide a general approach to prove optimal weighted Hardy-Rellich inequalities on H^{Q) n Hq{^) 
and inequalities of type ([3]) on H^(fl) which are important in the study of fourth order elliptic equations 
with Navier boudary condition and systems of second order elliptic equations (see [16j). 



*This work is supported by a Killam Predoctoral Fellowship, and is part of the author's PhD dissertation in preparation 
under the supervision of N. Ghoussoub. 
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We start - in section 2 - by giving necessary and sufficient conditions on positive radial functions V and 
on a ball B in i?", so that the following inequality holds for some c > and 6 < 0: 

V{x)\Vu\^dx >cj^ W{x)u^dx + b /g^ for all u e H^{B). (4) 

Assuming that the ball B has radius R and that jj^ -prrTy-^dr — +00, the condition is simply that the 
ordinary differential equation 

(By,cw-) y"{r) ^{^ + ^)y'{r) + ^y(r) = 

has a positive solution ip on the interval (0, R) with V{R) "^^[^^ — b. As in [T5], we shall call such a couple 
(y, W) a Bessel pair on (0, R). The weight of such a pair is then defined as 

(3{V, W; R) = sup {c; (By^cw) has a positive solution on (0, i?)}. (5) 

We call W a Bessel potential if is a Bessel pair. This characterization makes an important connec- 

tion between Hardy-type inequalities and the oscillatory behavior of the above equations. For a detailed 
analysis of Bessel pairs see |15j . The above theorem in the general form of improved Hardy-type inequal- 
ities which recently has been of interest for many authors (see [T], [1], [S], [5], [7j, [HIj [13] j [IHIj and [10]). 

Here is the main result of this paper. 

Theorem 1.1 Let V and W be positive radial C^-functions on B\{0}, where B is a ball centered at zero 
with radius R in R" (n > 1) such that iprrryf^dr = +00 and r"'~^V{r)dr < +00. The following 
statements are then equivalent: 

1. {V, W) is a Bessel pair on (0,i?) with 9 := V{R)^£^, where (f is the corresponding solution of 

2. V{x)\Vu\'^dx > W{x)u^dx + e Jgg u^ds for all u e C°°{B). 

3. //limr_»o r"V^(r) — for some a < n — 2, then the above are equivalent to 

V{x)\Au\^dx > Wix)\Vu\'dx + {n-l) /^(^ - }^)\Vu\'dx + [6 + (n - \Vu\^, 

for all radial u G C°°(i3). 
4- If in addition, W{r) — ^^1^ -|- "^^"^^^ — Vrrir) > on (0, i?), then the above are equivalent to 

V{x)\Au\'dx > W{x)\Vu\^dx + (n - 1) /^(^ - ^)\Vu\'dx + (6 + {n - 1)V{R)) \Vu\^ 

for all u e C°°{B). 

Appropriate combinations of 4) and 2) in the above theorem and lead to a myriad of Hardy-Rellich type 
inequalities on H^{Q) n Hq{^). 

Remark 1.2 The condition W{r) — ^^5^ + '^^''J'^^ — Vrrir) > in the above theorem guarantees that the 
minimizing sequences are radial functions. We shall see in section 3 that even with out this condition our 
approach is applicable, although the minimizing sequences are no longer radial functions. 

Remark 1.3 To see the importance and generality of the above theorem, notice that inequalities (7) and 
(8) in 11 6j which are the author's main tools to prove singularity of the extremal solutions in dimensions 
n > 9 (see J 16}/ ) are an immediate consequence of the above theorem combined with This theorem will 

also allow us to extend most of the results about Hardy and Hardy-Rellich type inequalities on C^{Q) to 
corresponding inequalities on C°°{Cl) such as those in il5ij and il8j . 
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n-2 



and for — ^ < m < 



We shall show that for — ^ < to < ^ 

rr • r B \x\''^m . f. JB JxY^rn 

J^nm = mt „ |, = mi r=— 75— , (6) 

0-n m = mi ^ = 4 , (7) 

' ueHHB)nHl,(B)\{o} J^j^ Jsj^ 

where the constants Hn,m and a„.m have been computed in [18] and then more generally in '15] . For example 
an,o ^ ^ loT n> 5, 04,0 = 3, and 03,0 = ||- 

The above general theorem also allows us to obtain improved Hardy- Rellich inequalities on H^{B) n [B). 
For instance, assume is a Bessel potential on (0, R) and is the corresponding solution of (-B(i,vf)) with 

^^4|r > • If ^WJTY decreases to -A and A < n - 2, then we have for all H^{B) n Hl{B) 



ip(R) - 2 ■ ' W(r) 



dx. (8) 



By applying ([5]) to the various examples of Bessel functions, we can various improved Hardy-Rellich inequal- 
ities on H^{B) n Hq{B). Here are some basic examples of Bessel potentials, their corresponding solution ip 

of 



T4^ = is a Bessel potential on (0, R) for any R > and ip = 1. 



• = 1 is a Bessel potential on (0,i?) for any R > 0, ip(r) = Jo(^), where Jq is the Bessel function 
and zq ~ 2.4048... is the first zero of the Bessel function Jq. Moreover R ^J^'^ = — f • 

• For fc > 1, i? > 0, let Wk,p{r) = S*^=i7^(nLi '^S^'-'f)"^ vf^ere the functions log^^'^ are defined 
iteratively as follows: log'^^\.) = log{.) and for fc > 2, log'^^\.) — log(log'^^~^^.)). Wk,p is then a Bessel 
potential on (0, R) with the corresponding solution 

e((fc-l)-t™ea) 

It is easy to see that for p > R{e'^' ) large enough we have — ~f • 

. For fc > 1, and i? > 0, define Wk;p{r) ^ E^^^ . . . X]_^{^)X^{j{} where the functions 
Xi are defined iteratively as follows: Xi{t) = (1 — log(t))^^ and for fc > 2, Xk{t) = Xi{Xk^i{t)). Then 
again Wk^p is a Bessel potential on (0,i?) with (^Sfe = (Xi(-^)X2(-^) ■ ■ • -'i^j-i(-^)-'^fc(-^))^ • Moreover, 
p v'kiR) J _fe 

As an example, let fc > 1 and choose p > R{e'^ ) large enough so that i?^^ > -f , where 



Then we have 

,2t^_A\2 r ,,2 „f„ _ A\ /• ,,2 _L 
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for all H^{B) n Hq{B) which corresponds to the result od Adimurthi et al. [2]- 

More generally, we show that for any — ^ < m < and any W Bessel potential on a ball Bji C i?" 

of radius R, if for the corresponding solution (p of i^)) we have R ^Jl'^ > ~f ~ then the following 
inequality holds for all u e C^{Br) 

'^"''>«n,™/ j^^dx + (3{W;R) [ W{x)^-^dx. (11) 



Be 



We also establish a more general version of equation ([5]). Assuming again that ''^^^ decreases to —A on 
(0, R), and provided m < and 2.-|-77i>A>n — 2m — 4, we then have for all u G C^{Br), 

lAuP , (n + 2m)2(n-2m-4)2 /" 

-aa; > / - — tt: — nrdx 



^m;R/^^ + I J^u^ax. (12) 



/ 

2 General Hardy Inequalities 

Here is the main result of this section. 

Theorem 2.1 Let V and W he positive radial -functions on i?^\{0}, where Bji is a ball centered at zero 
with radius R (0 < R < +00) in R" (n >1). Assume that ~ '^'-^ ^"■^ lo T^^^V{T)dr < 00 

for some < a < R. Then the following two statements are equivalent: 

1. The ordinary differential equation 

{^V,w) y"{r) + (^ + ^)y'{r) + ^y{r) = 

has a positive solution on the interval (0, i?] with 9 V{R) ^^^ j^^ ■ 

2. For all u e H^(Bb) 

(Hy,w) /s, V{x)\Vu{x)\^dx > J^^ W{xWdx+eJgg ds. 

The above theorem allows to generalize all Hardy type inequalities on H^[Vl) to a corresponding inequality 
on H^iVl). For instance we can get the following general form of the Caffarclli-Kohn-Nirenberg inequalities. 

Corollary 2.2 Assume B is the hall of radius R and and centered at zero in R". If a < then 

\x\-^''\Vu{x)\^dx> C'^'''^ )^ I |:r|-^°-Vdx- / u^dx, (13) 



IB ^ JB ^ JdB 

for aU u e H^{B). 

To prove Theorem 12. II we shall need the following lemma. 

Lemma 2.3 Let V and W be positive radial -functions on a ball B\{0}, where B is a ball with radius R 
in R" (n> 1) and centered at zero. Assume 

Jg {V{x)\Vu\^ - W{x)\u\^) dx~e Jg^ u^ds > for all u e H^{B), 

for some < 0. Then there exists a -super solution to the following linear elliptic equation 

- div(F(a;)Vu) - W{x)u = 0, in B, (14) 
w > in S\{0}, (15) 
VVu.v = Ou in dB. (16) 
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Proof: Define 

By our assumption Ai(y) > 0. Let {(pn, A") be the first eigenpair for the problem 

{L - Xi{V) - y^)ip„ = on B\Br 
ipn = on dBa 
V\/ipn-v = 9ipn on dB, 

where Lu = —div{V{x)'S/u) — W{x)u, and Br is a ball of radius ^, n > 2 . The cigcnfunctions can be 

chosen in such a way that tp„ > on _B \ Br and ipn{b) — 1, for some b £ B with < |fe| < R. 

Note that A" | as n ^ oo. Harnak's inequality yields that for any compact subset K, < C{K) 

with the later constant being independent of ipn ■ Also standard elliptic estimates also yields that the family 
have also uniformly bounded derivatives on the compact sets B — Br. 

Therefore, there exists a subsequence {'^ni^)i2 of (<Pn)ra such that {'^ni^)!^ converges to some <p2 G C^{B\ 
B{^)). Now consider {(pn,^)i2 on B \ -B(-f )• Again there exists a subsequence {iPni^)i3 of {f 711^)12 which 
converges to ip^ e C'^{B \ B{^)), and 933(0;) = 'P2{x) for all x G S \ B{^). By repeating this argument we 
get a supersolution cp £ C"^ {B \ {0}) i.e. Lip > 0, such that ip > on B\ {0} and VWipM = dip on dB. □ 



Proof of Theorem 12. It First we prove that 1) implies 2). Let ip G C^{0,R] be a solution of (By^w) such 
that (p{x) > for aU x e (0, R). Define = %p{x). Then 

iVzil^ = {p'{\x\)fi,\x) + 2^'(|a:|)^(|x|)V'(x)^.V^ + v^^d^DlV^^ 

Hence, 

Vi\x\)\Vuf > Vi\x\Wi\x\)f^\x) + 2Vi\x\)p'{\x\Mmix)^^.V^ix). 

Thus, we have 

Vi\x\)\Vu\^dx> f Vi\x\)iip'i\x\)f^Jj^{x)dx+ f 2V{\x\)ip'{\x\)ip{\x\)iJ;{x)-^.V^dx. 

'B Jb Jb fI 

Let Be be a ball of radius e centered at the origin. Integrate by parts to get 

V{\x\)\Vu\'^dx > I V{\x\){ip'{\x\)fi^'^{x)dx+ [ 2Vi\x\)ip' {\x\)ipi\x\)ijix)^ .VHx 
Jb Jb, m 

2V{\x\)^'{\x\M\xmx)^.VHx 

B\B, m 



B\B 



V{\x\)(p'{\x\))'ij\x)dx+ / 2V{\x\)p'{\x\)p{\x\)^{x) — .Vijdx 

Jb, m 

{V{\x\)p"i\x\M\x\) + ( Ili^iMNl + Vr{\x\))p'{\x\)pi\x\))i;\x)^ dx 
V{\x\)p'{\x\)pi\x\)i,^x)ds 



{B\B,) 

Let e ^ and use Lemma 2.3 in [T3] and the fact that (/s is a solution of {D^^^) to get 

Vi\x\)\yu\'dx > - /[y(|:,|V'(|a;|) + (ili^lMNl + K(N)V'(N)]^rfx 
Jb r p[\x\) 

W{\x\)u^{x)dx-e [ u^ds. 

Job 
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To show that 2) impHes 1), we assume that inequahty (Hv,vy) holds on a ball B of radius R, and then apply 
Lemma [2731 to obtain a C^-supersolution for the equation (fT4|) . Now take the surface average of u, that is 



nuj. 



7- [ u(x]dS = / 



yir) = ^ / uix)dS = / uirLu)dLO > 0, (17) 



where ojn denotes the volume of the unit ball in R". We may assume that the unit ball is contained in B 
(otherwise we just use a smaller ball). It is easy to see that V{R) — &■ We clearly have 



n — 1 , 



y"(r) + y'ir) = — / Au{x)dS. (18) 



Since u{x) is a supersolution of (jl4p . we have 



and therefore, 



It follows that 



div(y{\x\)Vu)ds~ W{\x\)udx>0, 

dBr JdB 



V{r) / AwdS* - Vr{r) / Vu.xds - W{r) / u{x)ds > 0. 



V{r) / AudS - Vr{r)y'{r) ~ W(r)y{r) > 0, (19) 
and in view of (|17p . we see that y satisfies the inequality 

V{r)y"{r) + ( ("~ _^ y,,(r))y'(r) < -W{r)y{r), for < r < R, (20) 

r 

that is it is a positive supersolution i/ for {Bv,w) with V{R)^^jj^ = 9. Standard results in ODE now allow 



us to conclude that [By^w) has actually a positive solution on (0,i?), and the proof of theorem 12.11 is now 
complete. □ 

An immediate application of Theorem 2.6 in |15j and Theorem 12.11 is the following very general Hardy 
inequality. 

Theorem 2.4 Let V{x) = V{\x\) he a strictly positive radial Junction on a smooth domain f7 containing 
such that R — sup^^j^ l^^l- Assume that for some A G M 

+ A > o« (0, R) and lim^ + A = 0. (21) 

If X < n — 2, then the following inequality holds for any Bessel potential W on (0, R): 

f V{x)\Vu\^dx > (!i-lA^)2 f }^u2dx + p{W;R) f V{x)W{x)u^dx 
Ja 2 \x\ Jq 

+ nR)i^~^^^)f for ueHHn), 

(p{R) 2R Jqb 

where if is the corresponding solution o/(i?i.n/). 

Proof: Under our assumptions, it is easy to see that y = r 2 (^(r) is a positive super-solution of 
Bf^yyf^ n-\-2 y,^,_^, I Now appty Thcorcm 2.6 in T5j and Theorem 12. II to complete the proof. □ 
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3 General Hardy-Rellich inequalities 

Let e C i?" be a smooth domain, and denote 

C^{n) ^{ve C'^in) : V is radial }. 
We start by considering a general inequality for radial functions. 

Theorem 3.1 Let V and W be positive radial -functions on a hall _B\{0}, where B is a hall with radius R 



in M" (n>l) and centered at zero. Assume jj^ ^n-lyi^\ dr = oo and limr^o r°'V{r) = for some a < n — 2. 



Then the following statements are equivalent: 

1. {V, W) is a Bessel pair on {0,R) with e := V{R)^^^, where if is the corresponding solution of 
{B{v,w))- 

2. //limj.^0 r^Vlr) — for some a < n — 2, then the ahove are equivalent to 

V{x)\Au\'dx > W{x)\yu\'dx + {n - 1) /^(^ - Y^)\Vu\Hx + {0 + {n - l)V{R)) J^^ \Vu\^ 
for all radial u E C°°{B). 
Proof: Assume u e C^{B) and observe that 

pR pR 2 pR 

V{x)\Au\^dx ^nuj„{ V{r)uly-'^dr + {n - 1)^ V{r)-^r'"''^dr + 2{n - 1) V{r)uUrr"^^dr}. 

B Jo Jo f Jo 

Setting v = Ur, we then have 

V{x)\Au\''dx= I V{x)\Vu{'dx + {n-l) I {Y^Ml ^ dx + {n - 1)V {R) f 



B Jb Jb \x\'^ \x\ ' ' Job 



Thus, (HRv^vf) for radial functions is equivalent to 



Vix)\Vi^\'dx> / W{x)iy'dx. 
b Jb 

It therefore follows from Theorem 12. II that 1) and 2) are equivalent. □ 



3.1 The non-radial case 

The decomposition of a function into its spherical harmonics will be one of our tools to prove our results. 
This idea has also been used in |18 and fl5j. Let u S C°°{B). By decomposing u into spherical harmonics 
we get 

w = Sfc^o^fc where Uk = fk[\x\)'Pk{x) 

and (<Pfe(a;))fc are the orthonormal eigenfunctions of the Laplace-Beltrami operator with corresponding eigen- 
values Cfe = k{N + k - 2), k > 0. The functions fk belong to m G C°°([0,i?]), /^(i?) = 0, and satisfy 
/fe(r) — 0{r^) and /'(r) = 0{r'^^^) as r ^ 0. In particular, 

(^0 = 1 and /o = /gs^ uds = J^^,^^ u{rx)ds. (22) 

We also have for any fc > 0, and any continuous real valued functions v and w on (0, oo), 

/ V{\x\)\Auk\^dx^ j V{\x\){Afk{\x\)-cJ-^^Ydx, (23) 

jRr^ Jr'^ kr 

and 

/ Wi\x\)\Vuk\''dx= f W{\x\)\\/fkfdx + ck f W{\x\)\x\-^fldx. (24) 

7_Ri J_R" J_R" 



7 



Theorem 3.2 Let V and W be positive radial -functions on a hall B\{Q\, where B is a hall with radius 
R in R" (n > 1) and centered at zero. Assume Jq -pr^Tyj^dr = oo and linv^o ''"^('') — for some 
a < in-2). If 

^(^) ~ ^75^ + " ^""^^^ -^"^ < r < i?, (25) 

and the ordinary differential equation {Bv,w) has a positive solution ip on the interval (0, R] such that 

{n-l + R^^)V{R)>0, (26) 

then the following inequality holds for all u G H^(B). 

mv.w) Ib Vix)\Au\^dx > Wix)\Vu\^dx + (n - 1) /^(^ - M)|Vupdx. 

Moreover, if P{V,W] R) > 1, then the hest constant is given hy 

(3{V, W; R) = sup {c; (RRv.cw) holds} . (27) 

Proof: Assume that the equation {Bv,w) has a positive solution on (0, i?]. We prove that the inequahty 
{HRv^w) holds for all u £ C^[B) by frequently using that 

/o^F(r)|a;'(r)|2r"-idr > W{r)x^(r)r''-^dr + V{R)^S^W'-\x{R) f for all x G C^{0,R]. (28) 
Indeed, for all n > 1 and > we have 

V{x)\/^uk\^dx = — I V{x){Mk{\x\)~cJ-^^fdx 



n J "-^Jn J U 



V{r){f'^{r) + ^/I.(r) - c^^fr-'dr 



V{r){f'ar)fr-'dr + {n - if / V{r){f',{r)fr-Hr 

Jo 

+4 rV{r)fl{r)r-^+2{n-l) r Vir)f'^{r)f',ir)r-^ 
Jo Jo 

-2ck r V{r)f'^{r)fk{ry'-^dr-2ck{n-l) V{r)f't,{r)fu{r)r^-^dr. 
Jo Jo 

Integrate by parts and use ([22]) for fc = to get 

T/(x)|Aufe|2dx = [''v{r){f;:{r)fr^-^dr + {n-l + 2ck) rV{r){fUr)fr"--'dr (29) 
Jo Jo 

+ (2cfe(n-4) + 4) rV{r)r^-^fl{r)dr-{n-l) ^ Vr{rK-\r,)Hr)dr 



- Ckin-5) / K(r-)A'(r)r"-4dr-Cfc / Vrr{r)f^{r)r^-'dr. (30) 
Jo Jo 

+ {n-l)V{R){fl{R)YR'^-^ 
Now define (?fe(r) = ^^^^ and note that gkir) = 0{r^^^) for all fc > 1. We have 

R 



V[r){fl{r)fr--^ = / V{r){g'^{r)fr--'dr+ / 2V{r)gk{r)g'^{r)r--^dr + / V{r)gl{r)r--^dr 

Jo Jo 

V{r){g'^{r)fr^^-'dr~{n^Z) r Vir)gl{r)r--'dr - Vr{r)gl{r)r--'dr 
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Thus, 



V{r)if',ir) fr"-^ > T W^(r)/|(r)r"-3dr- r V{r)fl{T)r--^dr~ T Vr{r)fl{r)T--^dr. (31) 







Substituting 2cfc /q^ V'(r)(/^(r))^r" in (^5]) by its lower estimate in the last inequality (|?T|). we get 

t/(x)|Aufe|2dx > / M^(r)(/^(r))2r"-idr + / W{r){fk{r)fr'^-'^dr 
ncon Jr^ Jo ' Jo 

rR i-R 

+ (n-1)/ ^(r)(/ar))V"-3dr + Cfc(n-l) / V{r){fk{r))\^''dr 
Jo Jo 

R i-R 



- (n-l) Vr{ry^-\flY{r)dr-Ck{n-l) Vr{T)r--\hnr)dT 
Jo Jo 

fR 

+ Cfc(cfe - (n - 1)) / V^(r)r"-5/| Wdr 
Jo 

+ c, [\w{r) - ^ + ^ - Vrr{r))mr)r-'dr 
Jo r 

+ [n-l)V{R){fl{R)fR-^ + V{R)'^R-~\m)f 

ip{R) 

The proof is now complete since the last two terms are non-negative by our assumptions. □ 
Remark 3.3 In order to apply the above theorem to 

V{x) = \x\~^"' 

we see that even in the simplest case V = 1 condition (|25|) reduces to > 2|x|~^, which is then 

guaranteed only if n > 5. More generally, if V{x) — \x\~'^"^, then in order to satisfy we need to have 



-(n + 4) - 2Vn2 -n+l -(n + 4) + - n + 1 , , 
6 <m< ^ . (32) 

Also to satisfy the condition (|26p we need to have m > —2.. Thus for m satisfying ([52]) the inequality 

> (^)^ / (33) 



for all u E H^{Br). Moreover, ( "+^2™ )2 jg -j-j^g j-^gg^- constant. We shall see however that this inequality 
remains true without condition but with a constant that is sometimes different from ( "+^^'" )2 ^j^g 
cases where p2p is not valid. For example, if m = 0, then the best constant is 3 in dimension 4 and || in 
dimension 3. 

3.2 The case of power potentials \x\^ 

The general Theorem 13.21 allowed us to deduce inequality (j37p below for a restricted interval of powers m. 
We shall now prove that the same holds for all — ^ < m < ^3^. We start with the following result. 

Theorem 3.4 Assume < ni < ^-^^ and il be a smooth domain in M", n> 1. Then 

f ^-^dx 1 f r ^-^dx 

a„,„ = inf <; l;!^, ; H^n) \{0}\= inf <^ ; « € ilo'(f^) \ {0} } (34) 
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Proof. Decomposing again u £ C°°{Bfj) into spherical harmonics; u = E^gMfe, where Uk = fk{\x\)ipk{x), 
one has 

^gprfa: = / N-2"(/^(|x|)fdx + ((n-l)(2m+l) + 2cfe) / Ix]''^-' (f,)' dx (35) 

\X\ JR" JR" 

+ Ckick + (n - 4 - 2m)(2m + 2)) |xr2"-4(^^)2^^ _^ _ ^)^„-2™-2(^, (^))2^ 

and 

\X\ JR" JR" 

The rest of the proof follows from the inequality and an argument similar to that of Theorem 6.1 in 

m- □ 

Remark 3.5 The constant a„.m has been computed explicitly in \15^ (Theorem 6.1). 

Theorem 3.6 Suppose n > 1 and —^<m< ^^-j^, and W is a Bessel potential on Bn C R" with n > 3 



and if is the corresponding solution for the (Bi^w). If 



R-^-h^ > m, 

^(R) - 2 



then for all u G H'^{Br) 



^>an,mf ^^^dx + P{W;R) f W{x)^^dx, (37) 
where 

= inf { ; u e H\Bn) \ {0} 

Moreover I3{W] R) and am,n o-fs the best constants to be computed in the appendix. 



Proof: Assuming the inequality 



lo 5^ ^n.m / I lo I ^dx. 



,™|2m+2 

. . Br \X\ 

holds for all u S C°°{Bii), we shall prove that it can be improved by any Bessel potential W . We will use 
the following inequality in the proof which follows directly from the inequality p3p with n=l. 

r'^[f'{r)fdr>{^f ^ r'^-' f\r)dr + P{W; R) ^ r"W{r)f\r)dr + - ^)R'^ , (38) 

2 Jo Jo ^[R) -^R 

for a > 1 and for all / e C°°(0, i?], where both (^^)^ and (3{W\R) are best constants. Decompose u E 
C°°{Br) into its spherical harmonics S^gUfe, where Uk = fk{\x\)ipk{x). We evaluate Ik — dx 
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in the following way 

Ik = rr"-2™-i(/^'(r))2dr+[(n-l)(2m+l) + 2c,] r r^-'"^-^fl)'dr 
Jo Jo 

+Ck[ck + {n-2m- 4)(2m + 2)] / r''-^"'-'' {fk{r)f dr 

Jo 



^ 71 + 2m, 



{n-l)R-'"^-\aR)y 

Jo ^ Jo 

+Ck[ck + (n - 2m - 4)(2m + 2)] / r''-^"'-^ {fk{r)fdr 

Jo 

> m) I r^'-'"'-'Wix)if',fdr + a.^^m f 'r^'-^"'-Hfkfdr 
Jo Jo 

Jo 

, n — 2m — 4 , 9 . , ft + 2m , 



-(( ^ )'[(^^)' + 2cfc - a„,„,] + Cfe[cfe + (n - 2m - 4)(2m + 2)]) / r^~^"'-^fk{r))^dr. 







Now by (115) in [IS] we have 



/ n — 2m — 4 2r/" + 2m 2 „ i r / r, ^\/^ 

[[ ^ ) [( ^ ) + 2cfe - a„,,„J + Cfe[cfe + (n - 2m - 4)(2m + 2)J > Cfea„,„, 

for all /c > 0. Hence, we have 

Ik > a,,^ra Tr^^-^'^-'ifLfdr + ar^^^Ck Tr'^-^'^-^i.fkiryfdr 
Jo Jo 

+P{W) / r^-^^--'w{x){r,fdr + f3{W)[{——f + 2ck-an,n] / r'''^"'~'W{x){fk)'dr 
Jo ^ Jo 

> a„,„, r r^-^'^-^if^fdr + ar.^mCk ^ r^-^'^-^{fk{r)fdr 
Jo Jo 

+P{W) rr"-^^~^Wix)if'^fdr + P{W)ck (" r^-^"'-''W{x){fkfdr 
Jo Jo 

i^^i' dx+m) I w{x)\^dx. 



a; 



□ 

In the following theorem we prove a very general class of weighted Hardy-RcUich inequalities on H^{Vl){^H^. 

Theorem 3.7 Let fl be a smooth domain in R" with n > 1 and let V G C'^{0,R =: sup^.^^ |x|) be a 
non-negative function that satisfies the following conditions: 

Vr{r) < and /^f ^.^Jy^^^ dr = - ipr^i^y^dr +oo. (39) 

There exists Xi, X2 & R such that 

^ + X,>Oon (0, R) and lim + Ai = 0, (40) 

+ X2>0 on (0, R) and Irni + X^ = 0, (41) 

and 

(i(n - Ai - 2)2 + 3(n - 3)) V{r) - {n - 5)rV;(r) - r^Vrr{r) > for all r G (0, R). (42) 
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// Ai < n, then the following inequality holds: 



(n-l)(n-A.-2)^ ^ (43) 



4 

Proof: We have by Theorem 12.41 and condition (|42p . 

nujn Jr^ Jo Jo 

+ (2c4n - 4) + cl) r V{r)r"-'fi{r)dr - (n - 1) T l^.(r)r"-^(/0'(r)dr 



rR i-R 

- Ck{n-5) V;.(r)/fc(r)r""'*dr - Cfc / Vrrir)fi{r)r"~^dr 
Jo Jo 

+ {n^l)V{R){fUR)fR"-' 



V{r)if'^{r)fr"-'dr + (n - 1) r V(r)(/^(r))V"-^dr 
Jo 



(n-1) rVAr)r"'^{Af{r)dr 



> 



+ Ck l^l^-in-\i-2y + 3{n-3)jV{r)~(n-5)rVr{r)-r'Vrrir)jf^{r)r''-''dr 

+ in-l)V{R){fUR)fR"-' 

The rest of the proof follows from the above inequality combined with Theorem 12.41 □ 

Remark 3.8 Let V{r) = r^^™ with < rri < Then in order to satisfy condition we must have 

-1 - ^^+'2"'^^' <m< Since -1 - ^^+'^^'-^^' < a <m< ^ the inequahty (gSl) gives the 

following weighted second order Rellich inequality: 

^-^dx > H„.„ 1^ j^dx u e H^m n H'.m, 

where 

:= ((!i±M(pl^)^ (44) 
The following theorem includes a large class of improved Hardy-Rellich inequalities as special cases. 

Theorem 3.9 Let —^<m< and let W{x) be a Bessel potential on a ball B of radius R in i?" with 
radius R. Assume ^-j^ = —7 + fir), where f{r) > and linv^o ''/(^) =0. If \ < ^-^ + rn, then the 
following inequality holds for all u G n (B) 

or^.r ^^.(" + 2m)2 (n- 2m- A -2)2 f w{x) 
+(3{W; R) C ^ + ^ ^) 1^ J^^^'dx. (45) 

Moreover, both constants are the best constants. 



B 
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Proof: Again we will frequently use inequality ([55]) in the proof. Decomposing u € C°°{Bi^) into spherical 
harmonics E^qM^, where Uk — fki\x\)(pkix), we can write 



JR" l^'P™ Jo Jo 

R 

,n-2m-5/j- /'„^^2, 



+Ck[ck + (n - 2m - 4)(2to + 2)] / r"-^™-^(/fc(r))^dr 







> C^^f J" r-^'^-'iflfdr + (3iW; R) j\^^-'^-^W{x){r,fdr 
+ Cfc[cfc + 2( " ~ ^ ~ + (n - 2m - 4)(2m + 2)] j " r^-^'^'-^hir))^ dr 







+ (n-l)(/^(i?))2i?"-2™-2^ 
where we have used the fact that Cfc > to get the above inequality. We have 

nUJn jRr. \x\^"' Jo 







4 

+/3(l¥;i?) l"'r--'"^-'Wix){f,fdr 

cR 











un JB ■ ■1'"+" 



I3{W]R) {n + 2mf {n-2m-\-2f f W{x) ^ 

^ 'a ' 'a > I I \2m+2^kd'X, 



by Theorem 12.41 Hence, (P5|) holds and the proof is complete. □ 

We shall now give a few immediate applications of the above in the case where m = and n > 3. 

Theorem 3.10 Assume W is a Bessel potential on Bji C i?" with n > 3 and (p is the corresponding solution 
for the {Bi,w). If 

%{R) - 2' 

then for all u £ H^{Bj^) we have 

[ lAupdx > C(n) [ ^.^^dx + P{W;R) [ W ix)\y u\'^ dx , (46) 
Jbe. Jbe. FI JBr 

where C(3) = §, C(4) = 3 and C[n) = ^ for alln>5. Moreover, C{n) and l3{W; R) are best constants. 
Corollary 3.11 The following holds for any smooth bounded domain CI in i?" with R — sup^.^^ |a;|, and any 
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1. Let zq be the first zero of the Bessel function Jo{z) and choose < < zq so that 
Then 

\Au\'dx > C{n) \^dx + ^ \Vu\Hx (48) 

e(fc — times) 

2. For any k>l, choose p > i?(e'^ ) large enough so that R ^^^^-j > — §, where 



n^o.«^)^ (49) 



Then we have 

Jn Jn \x\ ^J^i-'^ 1^1 r=i 1^1 



(50) 



3. We have 



iv«^^ , 1 ^ nv«u,,M)x|(M)...x?(M)d.. (51) 



R' ^'R' ''R 

The following is immediate from Theorem 13.91 and from the fact that A = 2 for the Bessel potential under 
consideration. 

Corollary 3.12 Let be a smooth bounded domain in R", ?i > 4 and R ~ sup^g^ \x\. Then the following 

holds for all u £ H^{n) n H^{n) 

e.{k — time s) 

1. Choose p > Rie"" ) so that R^^^ > -f • Then 

2. Let Xi is defined as in the introduction, then 

Au(x dx> — / —^dx+{l + > / — — ^2 — — 53) 

16 Jn fI 8 ~{Jn\x\ R R R 

Moreover, all constants in the above inequalities are best constants. 

Theorem 3.13 Let Wi{x) and W2{x) be two radial Bessel potentials on a ball B of radius R in i?" with 
n > 4. Then for all u G H^{B) n Hl{B) 

I \MHx > / jl^dx+^f3{W,;R) [ W,{x)^dx 

Jb 16 Jb \xr 4 Jb \x\'' 

/ T^dx + fif3{W2;R) / W2{xydx, 

^ JB FI J B 

where p is defined by ([T^l- 
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Proof: Here again we shall give a proof when n > 5. The case n — A will be handled in the next 
section. We again first use Theorem 13.101 (for rt > 5), then Theorem 2.15 in [15] with the Bessel pair 

(|x|-2, + H/)), then again Theorem [Q with the Bessel pair (1, {^ f\x\-'^ + W) to obtain 



lAupc 

B 



> 



4 Jb I^P 


dx 


+ M 


n^(n - 4)2 






16 J 




; — ttQ 


n2(n-4)2 






16 J 










NP 



^2 



> / -^dx+'-^(3{Wi]R) I Wi{x)f-^dx + fi I \Vu\^dxdx 

^ ' 4 ,/r \x\ ,1b 



Theorem 3.14 Assume n > A and let W{x) be a Bessel potential on a ball B of radius R and centered at 
zero in R" . Then the following holds for all u G H^{B) C] Hq{B): 

lA.Pd. > ^^y^^rfx (54) 

r 1 

2 

where ^ is defined by |^7| ). 

Proof: Decomposing again m G C°°{Br) into its spherical harmonics S^gU^ where = /i;(|a;|)(^fc(a;), we 
calculate 



+f3{W-R)^ [ }^u'dx + 4i\Mm, (55) 



1 



Aufcpdx = / r-~\f-{r)Ydr + [n-l + 2cK] r^'-'iflYdr 



+ Cfe[cfe + n-4] / r"-5(/fe(r))2dr 
+ (n-l)(/^(i?))2i?"-2™-2 

+ Cfe rr-^flfdr 
Jo 

16 

+/3(W^;i?)— y T^(r)r"-3(/fe)2dr 



n2(n-4)2 /■ 

^ ' ' rdx 



16nw„ |x|2"+4 
/3(T^;i?),n2 f w{x) 3, 



/3(T^;i?) ,n^ f W{x) 2 



nuJnR " 



Hence dSl) holds. □ 
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